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Abstract
Thiémard (J. Complexity 17(4) (2001) 850) suspects that his upper bound for the discrepancy
B(P,x) is bounded below by a measure for the tightness of the partitionP. We present a counterex-
ample but also prove that for a certain class of partitions the assumption is valid. The partitions used
in Thiémard’s algorithm are all part of this class.
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1. Introduction
In quasi-Monte Carlo methods, the discrepancy is used as a measure of uniformity
for the sequence x = {x0, . . . , xn−1} of n points. Several types of discrepancy exist. In
[1], Thiémard proposes an algorithm to approximate the star discrepancy D∗n(x) of the
sequence x,
D∗n(x) := sup
P∈Υ
∣∣∣∣A(P, x)n − (P )
∣∣∣∣ ,
where A(P, x) is the number of points in x falling inside P, (P ) is the volume of P and Υ
is the family of all subintervals of I s = [0, 1)s of the form∏si=1[0, pi).
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For a partition P of I s into a family of subintervals of the form∏si=1 [i ,i ), Thiémard
introducesW(P), ameasure for the tightness of the partition. For everyP =∏si=1 [i ,i ) ∈
P , denote P− := ∏si=1[0, i ) and P+ := ∏si=1[0,i ), then the tightness of P is deﬁned
asW(P ) := (P+)− (P−) and the tightness of the entire partition is deﬁned as
W(P) := max
P∈P
W(P ).
Thiémard also introduces the quantity B(P, x) as
B(P, x) := max
P∈P
max
{
A(P+, x)
n
− (P−), (P+)− A(P
−, x)
n
}
.
He proves that for every partition P , B(P, x) is an upper bound for the discrepancy of the
sequence x and suspects ([see p. 854, line 22][1]) that this upper bound is always greater
than the tightness of the partitionW(P).
Assuming B(P, x) > W(P), Thiémard deducts that, when the discrepancy is known to
be smaller than a certain value v, it is a good idea to choose only partitions with a tightness
smaller than v in his algorithm. Otherwise, the upper bound calculated with this partition
will not give extra information about the discrepancy of x.
In Section 2,we show that the assumption thatB(P, x) is always greater than the tightness
W(P) is false by giving a simple counterexample. In Section 3, we present a class of
partitions for which the assumption is true.
2. A counterexample
Consider a partition
P = { P1 , P2 , P3 , P4 }
= {[0, 1/2)×[0, 1) , [1/2, 1)×[0, 3/8) , [1/2, 1)×[3/8, 7/8) , [1/2, 1)×[7/8, 1)} ,
see Fig. 1. Choose the sequence x such that n/2 points fall inside the rectangle [0, 1/2)×
[0, 3/8) ⊂ P1 and the other n/2 points fall inside P4.
For this simple example we can easily calculateW(P) and B(P, x):
W(P)=max
P∈P
W(P )
=max(1/2− 0, 3/8− 0, 7/8− 3/16, 1− 7/16)
=W(P3) = 11/16
and
B(P, x)=max
P∈P
max
{
A(P+, x)
n
− (P−), (P+)− A(P
−, x)
n
}
=max {max(1/2− 0, 1/2− 0),max(1/2− 0, 3/8− 0),
max(1/2− 3/16, 7/8− 1/2),max(1− 7/16, 1− 1/2)}
= 9/16.
For this example B(P, x) < W(P), therefore the assumption made by Thiémard is false.
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Fig. 1. A counterexample.
3. The partitions used in the algorithm
Thiémard mentions that during his experiments, he never encountered a partition for
which B(P, x) < W(P). The partitions he uses in his algorithm however appear to have
an extra property.
Proposition 3.1. Let P be a partition of I s and denote with Pm the element of P at
(1, 1, . . . , 1). If the partition is chosen such thatW(Pm) = W(P) then
B(P, x)W(P)
for every sequence x = {x0, . . . , xn−1} ⊂ I s .
Proof. Since P+m = I s , A(P
+
m ,x)
n
= (P+m ) = 1 and
B(P, x) = max
P∈P
max
{
A(P+, x)
n
− (P−), (P+)− A(P
−, x)
n
}
 A(P
+
m , x)
n
− (P−m ) = (P+m )− (P−m )
= W(Pm) = W(P). 
The way the partitions are constructed in Thiémard’s algorithm fulﬁlls the requirement
of this proposition.
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